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Introduction-In the last few decades, topology has emerged as a central theme in the study of condensed matter physics. The interplay of symmetry and topology has led to a wide variety of interesting phenomena, most notably that of symmetry-protected topological phases (SPTs) [1] [2] [3] [4] . One of the key physical signatures of SPTs are their anomalous boundary states, which can only be realized as d-dimensional boundary states of a (d + 1)-dimensional topological bulk, and cannot appear in a ddimensional bulk model.
Recently, the study of topological phenomena has also been extended to non-Hermitian systems , which are naturally realized in classical optical systems with gain and loss [33, [52] [53] [54] [55] [56] [57] , superconducting vortices [6] , ring neural networks [58] , bosonic superconducting systems [15, 59] , or magnon band structures [60] , and has also been proposed to be relevant to electronic systems with finite quasiparticle lifetime [13, 23, 61] . In particular, with a suitable generalization of the gap condition [14] , SPTs can be generalized to the non-Hermitian setting [26-28, 62, 63] , and the well-known ten-fold way classification for non-interacting fermionic topological phases under the Altland-Zirnbauer (AZ) symmetry classes [1, 64, 65] can be extended to the 38 nonHermitian Bernard-LeClair (BL) symmetry classes [15, 62, 63, 66, 67] . Interestingly, the classification of nonHermitian SPTs also exhibits a periodic structure similar to Hermitian systems [14, 62, 63] , both in symmetry class and spatial dimension, and certain characteristics of the 1D non-Hermitian models studied are reminiscent of boundary states of 2D Hermitian models with related symmetries [62, 68] . As an example, the boundary of a 2D quantum Hall system hosts anomalous chiral edge states, which bears some resemblance to the 1D nonHermitian chiral hopping model, as shown in Fig. 1(c) . This raises the question of whether there exists a more general correspondence between the anomalous bound- (a) Dispersion for the 1D chiral hopping model in the complex plane. The topological invariant w is defined with respect to EB as in Eq. (3) . Depending on the value of EB and other parameters, w can differ. In this case, w = 1. (b) Dispersion for the 2D model in Eq. (19) that resembles the surface of a 3D chiral topological insulator. Here, γ k = 2 cos kx + cos ky, b 1,k = sin kx, b 2,k = sin ky, b 3,k = 0. Each white dot represents a Dirac cone with ± chirality. In this case, depending on EB, the topological invariant can be 1, 0, −1. (c) The 1D system characterized by w ∈ Z in the chiral hopping model corresponds to the edge of a 2D system characterized by an integer quantum Hall state with Chern number n = w ∈ Z.
ary states of a Hermitian system, and the dynamics of a corresponding non-Hermitian system with one dimension lower.
In this Letter, we establish a correspondence between the ten-fold-way topological classification of non- sible interpretation to the long-time dynamics of nonHermitian models as a dynamical anomaly, in direct relation to the anomalous boundary physics of Hermitian systems. We motivate this by introducing a 1D chiral hopping non-Hermitian model and examining the relation between non-Hermitian band topology and anomalous chiral modes in the long-time limit. We then generalize this to other symmetry classes, and prove the above correspondence in both the topological classification as well as the explicit realization of anomalous dynamics.
Emergence of chiral fermions in a 1D non-Hermitian system-We start by considering an example to motivate and illustrate the main idea of the correspondence. Consider the following single-band non-Hermitian Hamiltonian in one dimension [6, 14] :
where t R = t L . Under the Fourier transformation c r = k c k e ikr , the k-space Hamiltonian is given by
Thus, the energy dispersion E k forms an ellipse in the complex energy plane [ Fig. 1(a) ]. For a positive (negative) t L − t R , the band winds around the origin in the counterclockwise (clockwise) direction. The group velocity v k of a wave packet centered at k is given by [14] 
since the imaginary part of ∂ k E k does not affect the propagation velocity of the wave packet. On top of this, there is an additional ingredient that influences the dynamics of a non-Hermitian system, the imaginary part of the energy which causes certain eigenstates to grow or decay with Im E k = (t L − t R ) sin k. If we inspect the dynamics at real energy near zero, then there may exist two modes: left and right propagating modes with k = ±π/2. While the left-propagating mode has a positive Im E k , the right-propagating mode has a negative Im E k . Therefore, if we excite the system with a frequency ω ∼ 0, generically both counter-propagating modes will be excited, but the right-propagating mode will die out after a timescale τ 0 / Im E k . At long times, we will thus observe chiral dynamics in the system with only a left-propagating mode, a scenario which cannot be realized in any 1D Hermitian system.
Non-Hermitian Topology with Complex Point GapThe above chiral dynamics can be directly connected to the topological properties of the non-Hermitian band structure. Here, band topology is defined by the complex point energy gap constraint: for a given complex base energy E B , two band structures are topologically equivalent if and only if one can be deformed to the other without crossing E B during the deformation [14, 62, 63] . In this context, Re E B and Im E B are the real energy window and overall loss/gain level we are interested in, respectively. Note that the choice of point-gap non-Hermitian . Hermitian AZ classes are defined by time reversal T , particle-hole P and chiral C symmetries. Similarly, non-Hermitian AZ † classes are defined by K, C and Q-type symmetries. Real (complex) classes are given by blue (red) dots. There are two complex classes (s = 0, 1) depending on the absence or presence of C or q. topology here, instead of line gaps [63] or band separation [13] , plays an important role in establishing the correspondence. For the above model, the explicit topological invariant w ∈ Z is given by
which is nothing but the winding number of E k around the base point E B [ Fig. 1(a,b) ]. As a consequence, a nontrivial winding number w implies the existence of modes at Re E B , some with imaginary part above Im E B and others below Im E B . For the base point choice in Fig. 1(a) , w = 1 for t L > t R and w = −1 for t L < t R . Examining the expressions for the group velocity and imaginary part in the preceding section, we see that w directly corresponds to the number of left-propagating modes mi-nus the number of right-propagating modes, with imaginary part above Im E B , which in turn characterizes the total chirality of long time dynamics. Therefore, the nonHermitian topological invariant w indeed captures the anomalous dynamics of this model. Hermitian-Non-Hermitian correspondence-The preceding 1D chiral hopping model hints at a nontrivial connection between non-Hermitian band topology and anomalous dynamics. In particular, the model is reminiscent of the anomalous edge states in a two-dimensional integer quantum Hall state, where the topological invariant n ∈ Z characterizes the number of chiral edge modes [ Fig. 1(c)] . A similar correspondence has also been pointed out by some of the authors [62] in higher dimensions. Below, we will make this correspondence more rigorous, proving the following general statement:
Proposition For a given d-dimensional anomalous boundary state of a (d + 1)-dimensional Hermitian system in a symmetry class s, characterized by a topological invariant n, there exists a corresponding d-dimensional non-Hermitian topological system on a closed manifold in the class s † (and s − 2) that realizes the same anomalous physics as its long time dynamics, characterized by a non-Hermitian topological invariant n defined with respect to a certain E B .
Note that since the anomalous boundary theory of the Hermitian system in one higher dimension is defined on a closed manifold, the corresponding non-Hermitian system is also defined on a closed manifold, thus avoiding the non-Hermitian skin effect [5, [35] [36] [37] [38] [39] [40] . The exact correspondence is summarized in Tab. I. To understand the table, we need to introduce the following Bernard-LeClair non-Hermitian symmetries [66] , which generalize the AZ symmetry classes:
where O , η O ∈ {1, −1}. These give arise to 38 symmetry classes [62, 63] , containing the famous ten-fold AZ classes (two complex classes s = 0, 1 and eight real classes s = 0, 1, ..., 7, see Fig. 2(a) ) as a special case. Instead of dealing with all 38 symmetry classes, we will focus on a subset of them, namely the non-Hermitian (NH) AZ † classes, defined by [63] :
where the Hermitian chiral symmetry C, given by the composition of T and P, is replaced by a Q-type symmetry with q = −1, given by the composition of C and K. With these basic symmetries, the complex or real NH classes s † are defined as in Fig. 2 , which show the same "Bott clock" structure as the Hermitian case [65] .
To see why this is the natural extension of Hermitian AZ classes, we examine how these non-Hermitian symmetries affect the eigenvalue spectrum. As discussed in Ref. [62, 69] , one can prove that the chosen C and K type symmetries affect the structure of eigenvalues as follows:
• Hermitian systems: P guarantees that eigenvalues appear in a positive and negative pair. T with T 2 = −1 guarantees the Kramers degeneracy.
• Non-Hermitian systems: K symmetry guarantees that eigenvalues appear in a pair (λ, k λ * ). In the case of k = −1, this corresponds to a pair of complex energies with opposite real part. C symmetry with cc * = −1 guarantees the biorthonormal Kramers degeneracy.
Thus, the spectral consequences of the choice of symmetry in the AZ † classes are consistent with the Hermitian case, justifying the above generalizations to nonHermitian systems. Interestingly, this symmetry correspondence also naturally arises in the context of non-Hermitian transfer matrices describing the decaying boundary modes of one-dimensional SPTs [69] .
We note that one can also define NH AZ classes by switching the roles of complex conjugation and transpose symmetries:
Furthermore, a mapping between the classifications of the NH classes s † and s − 2 can be explicitly constructed, as summarized in Tab. I. For the proof, see the Supplemental Material [69] .
Proof Part I. Dimensional Ascension-We now move on to prove our main proposition. First, we prove the equivalence of the classifications of Hermitian AZ and NH AZ † classes, making use of the fact that the nonHermitian topology of H with respect to the base point E B is equivalent to the Hermitian topology of the following doubled HamiltonianH [14] with respect to the zero Fermi energy:
Without loss of generality, we set E B = 0 from now on. H should satisfy the corresponding doubled symmetries and an additional chiral symmetry:
Let us start with the doubled HamiltonianH of a ddimensional NH Hamiltonian H in the class s † . Following Teo and Kane [70] , we can construct a (d+1)-dimensional Hamiltonian by introducing a new momentum-like parameter −π/2 ≤ θ ≤ π/2 [71] ,
One immediately sees that this (d + 1)-dimensional Hermitian Hamiltonian belongs to class s, sincē
with c corresponding to time-reversal and k corresponding to particle-hole in the AZ † class. Note that Σ is not a symmetry operator anymore. SinceH and Σ anticommute, the gap for H d+1 closes if and only if the gap forH closes and sin θ = 0. Therefore, the classification problems of the Hermitian class s in (d + 1) dimensions and the NH class s † in d dimensions are equivalent. From the mapping between NH AZ and AZ † classes, further equivalence with the NH class s − 2 follows.
Proof Part II. Dynamical Anomaly-Now that we have established an exact correspondence between Hermitian and non-Hermitian classifications [Tab. I], we turn to investigate the anomalous behavior, and show how a non-Hermitian topological system realizes in its longtime dynamics the anomalous boundary physics of a corresponding Hermitian system. Since anomalous boundary states of Hermitian systems appear as Dirac or Weyl fermions [72] , let us consider a boundary state of a topological band structure characterized by a (positive) unit topological invariant, which is given by the following Dirac (or Weyl) Hamiltonian
where Γ i=1,...,d are Hermitian matrices that satisfy the Clifford algebra {Γ i , Γ j } = 2δ ij . Suppose that H Dirac is in the Hermitian AZ class s. Correspondingly, we can construct a NH Hamiltonian in the class s † : Dirac points at TRIMs, only the Dirac cone at k = 0 survives at long times because only γ(0) is positive and all other γ(TRIM)s are negative. Thus, at long times, the non-Hermitian system we have constructed resembles the single Dirac cone anomalous physics of the Hermitian boundary state.
How can this anomalous physics be associated with the nontrivial topology of a non-Hermitian Hamiltonian? To illustrate this, it is sufficient to show that the topology of the corresponding doubled HamiltonianH is nontrivial:
where τ x,y,z are Pauli matrices. When d − 2 < m < d, this is the Hamiltonian of the d-dimensional topological insulator in class s with an additional chiral symmetry (Σ = τ z ). To see that this Hamiltonian has a unit topological invariant, we consider deformations from the phase with m > d, where γ(k) is completely negative over the whole Brillouin zone and the system thus lies in the trivial insulator limit [74] . To reach the range d − 2 < m < d, the band gap goes through the gap closing at m = d at which the system becomes a semimetal with a single Dirac cone at k = 0. Note that this Dirac cone consists of two copies of the symmetry-protected Dirac cone, which can only be gapped as a pair. When the sign of the mass term is reversed at m = d, the topological invariant changes by a single unit, so the phase d − 2 < m < d has a unit topological invariant. Therefore, a non-Hermitian system carrying nontrivial band topology is topologically equivalent to Eq. (17) that exhibits anomalous dynamics. The correspondence can be easily generalized into an anomalous boundary state with n > 1, for example, by using multiple copies of Eq. (17) . Moreover, one can also prove conversely that a non-Hermitian system displaying anomalous dynamics of a corresponding Hermitian system must carry nontrivial band topology (see the Supplemental Material [69] ). Therefore, there is indeed a rigorous connection between non-Hermitian band topology and its anomalous dynamics. A similar correspondence between the Hermitian class s and the NH class s − 2 is shown in the Supplemental Material [69] . Example in 2D and General Anomalies-Consider a chiral topological insulator (TI) in 3D belonging to the Hermitian AIII class, characterized by a topological invariant n ∈ Z representing the net chirality of boundary Dirac cones. The corresponding non-Hermitian system is the NH class AIII † in 2D with pseudo-Hermiticity given by qh † q −1 = −h. The following NH Hamiltonian belongs to NH class AIII † with q = σ 3 :
where γ k , b i,k are real functions of k = (k x , k y ). In Fig. 1(b) , the 2D complex dispersion is drawn for a specific choice of parameters. Here, white dots represent Dirac cones, and out of the four Dirac cones, only the one with positive chirality survives at long times in this case, showing that the model corresponds to the boundary of the n = 1 3D chiral TI. However, the Dirac cone is not the most general anomalous feature in the nonHermitian setting for dimension higher than one. Under non-Hermitian perturbations, it is well known that Dirac cones deform into an exotic exceptional surface structure [26] [27] [28] 
Indeed, for b 3,k = 0, Dirac cones are deformed to nodal exceptional lines. When both γ k and b i,k are odd functions of k, the model also belongs to the class AII † with c = σ 2 , which corresponds to the boundary of threedimensional topological insulators in class AII. In this case, one can show that the number of Dirac cones above E B is only equivalent modulo two, which agrees with the corresponding Hermitian physics. For detailed discussions with an explicit model, see the Supplemental Material [69] .
Conclusion and Outlook-In this Letter, we showed that for a given anomalous boundary of a Hermitian ten-fold class, there is a non-Hermitian bulk system exhibiting the same anomalous dynamics and characterized by a corresponding nontrivial point-gap topology. Our work is in contrast to recent works exploring possible bulk-boundary correspondences in non-Hermitian systems [5, [35] [36] [37] [38] [39] [40] , as we focus only on the bulk physics of non-Hermitian systems under periodic boundary conditions, a natural choice due to the correspondence with Hermitian anomalous boundary theories. In the Hermitian ten-fold way classifications, topologically protected boundary modes result from multiple bands with nontrivial separations. On the other hand, non-trivial pointgap topology can be well-defined even for a single band, which cannot give rise to a conventional topologicallyprotected boundary mode. Therefore, instead of pointgap topology, other classes of topology, such as line-gap topology [63] , where the topological constraint implies separation between bands, may be a more natural setting to generalize the bulk-boundary correspondence to nonHermitian systems. Indeed, if this holds, our work may also have interesting extensions to a full correspondence between non-Hermitian point-gap topology and boundary modes of line-gap topology. [74] Let f0 = γ(k) and fi = sin ki. Then,H : BZ d → (f0, ..., f d ) is homotopic to a trivial constant map g = (γ0, 0, ..., 0) with γ0 < 0. This can be proven by constructing the following homotopy map
which gives a fully gapped Hamiltonian for (k, In this section, we review [27, 62] how non-Hermitian symmetries constrain the eigenvalue spectrum. First, consider the K-type symmetry defined in Eq. (6). Let v k be a right eigenvector with eigenvalue λ k . Then,
Therefore, the K-type symmetry implies that there exists a right eigenvector k T v * k for h −k with an eigenvalue λ −k = k λ * k . At time reversal invariant momenta (TRIM), it guarantees the existence of a pair of eigenvalues (λ k , k λ * k ). Second, consider the C-type symmetry defined in Eq. (5) . Note that in a non-Hermitian matrix, for a given set of eigenvalues {λ n }, the set of left eigenvectors {u n } and the set of right eigenvectors {v n } are different in general. Therefore, the appropriate generalization of orthonormality is that the left and right eigenvectors form a biorthonormal system, where u n v m = δ n,m . Again, let v k be a right eigenvector with eigenvalue λ k . Then,
Therefore, v T k c * is now a left eigenvector of h −k with an eigenvalue λ −k = c λ k . At TRIM, if c = −1, it guarantees a pair of eigenvalues (λ k , −λ k ).
However, when c = +1, the two eigenvalues are the same. Therefore, if (v
is a biorthonormal pair of left and right eigenvectors, then the TRIM do not have any degeneracies. Otherwise, there will be a degeneracy, since the biorthonormal partner of v T k c * , also a right eigenvector, shares the same eigenvalue as v k but is linearly independent. This condition can be satisfied when η c = −1. To see this, note that cc
where we performed a transpose in the second equality and used c † = −c * in the third equality. Therefore, λ = 0, implying that v T k c * and v k are orthogonal to each other. This guarantees the symmetry protected degeneracy, and constitutes a biorthogonal generalization of the Kramers degeneracy. Such a degeneracy does not exist when c = −1.
Finally, consider a Q-type symmetry in Eq. (4). Its effect is very similar to a K-type symmetry:
Therefore, the Q-symmetry relates the right and left eigenvectors, and implies that for every k-point, there is a pair of eigenvalues (λ k , q λ * k ). In the situation where λ k = q λ * k , this does not guarantee a degeneracy. For real eigenvalues with q = −1, this acts similar to the chiral symmetry of a Hermitian system.
II. NON-HERMITIAN HAMILTONIAN FROM LINDBLAD EQUATION
In this section, we provide a brief review of how a nonHermitian Hamiltonian emerges as an effective description of a subsystem in a full quantum system. Consider a system coupled to an environment. If the total density matrix is ρ tot , the system density matrix can be obtained by tracing out the environment, ρ = Tr E ρ tot . Then, under the Markovian dynamics assumptions, one can derive that the system's density matrix evolves under the following Lindblad (GKSL) master equation:
where 
m L m and ρ are positive semidefinite operators. This acts to increase the trace of the density matrix, which exactly counteracts the loss due to the first term, a non-Hermitian time evolution term under H eff . Here, the imaginary part of the eigenvalues of H eff are non-positive, as can be seen from the fact that m L † m L m is always positive semidefinite. Note however that in the classical context, e.g. non-Hermitian systems arising from photonic crystals with gain and loss, such a constraint does not exist.
As an example, consider a zero-dimensional bosonic system consisting of a single mode of frequency ω. Let H = ωb † b, and L = γb. Then,
For simplicity, assume ω = 0 and the initial state was a pure state ρ 0 = |ψ ψ| with |ψ = 1/ √ 2(|0 + |1 ). If we only consider the first term in Eq. (S5), a non-Hermitian time evolution part, we get
where the denominator is introduced to normalize the state. If we can obtain information about the environment, then we can condition our analysis to a case where no quantum jump occurs. For example, we can include only the data where we did not observe an increase of the boson number of the environment. Then, the time evolution is described by Eq. (S6). This formalism can be easily generalized to fermionic systems, as in Ref. 75 . Another example is the non-Hermitian chiral hopping mode, which can arise as an effective Hamiltonian as well [14] . If we take H = −t n c † n c n−1 + h.c. and L n = c n + ic n−1 , we obtain
Inspecting the spectrum, one can show that the imaginary parts of the eigenvalues are always less than or equal to zero.
III. NON-HERMITIAN DESCRIPTION OF TRANSFER MATRICES
In this section, we discuss how a non-Hermitian matrix arises as the transfer matrix of the boundary zero mode in a one-dimensional SPT. Consider a d-dimensional massive Dirac Hamiltonian given by
where α j and β are anticommuting Dirac matrices. Under the presence of other symmetries, e.g. chiral, particlehole, and time reversal, the possible topology for the mass-term matrix β is constrained, and one can classify all topological phases from this. Here, we are interested in the boundary modes of the case with d = 1. Due to the famous Jackiw-Rebbi mechanism [76] , the boundary between two different topological phases hosts a localized zero mode. To solve this, consider the following Hamiltonian:
To obtain the zero energy solution, we take E = 0 such that
Therefore, the matrix −mαβ describes how the zeroenergy solution changes under the translation
In other words, the matrix αβ is a transfer matrix along the x-direction. One can immediately notice that αβ can be nonHermitian. For example, if α = σ 1 and β = σ 2 , αβ = iσ 3 which is non-Hermitian. Knowing that non-Hermitian matrices can appear as a transfer matrix for zero modes, let us analyze possible symmetries of αβ. As the transfer matrix is constructed in terms of the original Hamiltonian, it is natural to examine whether the symmetries of the original Hamiltonian are inherited. Consider a time-reversal symmetry T = U T K, particle-hole symmetry P = U P K and chiral symmetry C = U C where U matrices are unitary transformations. In order to be symmetries of the original Hamiltonian in Eq. (S9), the matrices U s satisfy
Based on these commutation relations, we are now ready to analyze the symmetries of the "transfer matrix" αβ. We can show that M transforms in the following way under Hermitian conjugation, transposition, and complex conjugation with additional unitary transformations U C,T,K :
where we used the fact that transposition is equivalent to complex conjugation for α and β, as they are Hermitian matrices. In summary, the symmetries (C, T , P) of the original 1D Hamiltonian give rise to the following non-Hermitian symmetries (Q, C, K) (pseudo-hermiticity, transpose, and complex conjugation) respectively for the transfer matrix of the boundary mode. Therefore, if the original Hamiltonian (1D) is in the AZ class s, then the nonHermitian transfer matrix (0D) belongs to the AZ † class s † . This provides an interesting example where a nonHermitian matrix naturally arises with symmetries inherited from the Hermitian system in one higher dimension. Surprisingly, the correspondence exactly agrees with the topological correspondence between Hermitian and nonHermitian systems proven in the main text. Note however that this example does not generalize easily into higher dimensional cases.
IV. NH CLASSES AII
In this section, we construct a two-dimensional nonHermitian system in the class AII † , which corresponds to the boundary of a three-dimensional Hermitian system in class AII (topological insulator). The NH class AII † has a transpose symmetry with c = σ 2 so that cc * = −1, which ensures a generalized Kramers degeneracy. The model is given by the following k-space Hamiltonian:
of k. With the f 3 (k) term, the Dirac cone can be deformed into an exceptional ring, as shown in Fig. S1(d) .
To further demonstrate an explicit model and correspondence, consider a non-Hermitian class CI † , whose two-dimensional classification is given by 2Z. In the table of the main text (or Tab. I), we denoted it by Z, which is isomorphic to 2Z; however, 2Z is more precise since the system is characterized by an even number of symmetry-protected gapless boundary modes. The system in class CI † has K and C type symmetries with kk * = −1 and cc * = 1. Due to the K-type symmetry with kk * = −1, one can show that the Dirac cone must be doubly degenerate. This can be achieved by the following two-dimensional quadratic Hamiltonian:
Although the system realizes a single gapless excitation, as the dispersion is quadratic, the net winding number is equivalent to that of two Dirac cones. A corresponding lattice-regularized non-Hermitian Hamiltonian would be given by, for example,
For this Hamiltonian, quadratic gapless points exist at k = (0, 0) and (π, π), but only the one at (0, 0) survives at long times. There is another way to construct a Hamiltonian with a linear dispersion, by using a four-dimensional Hamiltonian. Then, the Hermitian part can be written as
In either case, one can show that the gapless modes with net winding number two cannot be gapped out due to the symmetry (they can however be deformed into exceptional ring, as pointed out in the main text). This agrees with the boundary of a three-dimensional topological superconductor in Hermitian class CI, which is characterized by an even number of Dirac cones.
V. PROOF PART II FOR NON-HERMITIAN AZ CLASSES
In this section, we will prove the correspondence between anomalous boundary states of the (d + 1)-dimensional Hermitian class s and bulk states of the ddimensional non-Hermitian class s−2, as we have done in the main text for non-Hermitian class s † . The procedure is outlined in Fig. S2 .
Step I: Let us first recall that the anomalous boundary state of the (d + 1)-dimensional Hermitian system is described by the d-dimensional Dirac Hamiltonian: 
. . .
We impose T (time-reversal) and P (particle-hole) symmetries on the Dirac Hamiltonian.
Then, we can prove that H d−1 has the following symmetries:
Similarly, one can show that
where θ = (θ 1 , ..., θ d−1 ), and
Now Γ 1 T has become the particle-hole symmetry operator, and Γ 1 P has become the time-reversal symmetry operator. Accordingly, the topological information (anomalousness) of H Dirac in the class s is encoded in a gapped Hamiltonian H d−1 in the class s − 2 and vice versa.
Step II: We have shown that the class s d-dimensional Hermitian Dirac Hamiltonian maps to a class s−2 (d−1)-dimensional gapped Hamiltonian. Now, we want to reach the class s − 2 (d − 1)-dimensional gapped Hamiltonian from the other side, a d-dimensional system in the nonHermitian class s − 2 and establish the correspondence between a Hermitian class s and non-Hermitian class s − 2. Note that the correspondence for class s † in the main text follows from the aforementioned correspondence by the mapping discussed in VII. First, we construct the doubled HamiltonianH for H:
It satisfies (see main text for the definition of the nonHermitian AZ class)
We wish to perform a dimensional reduction, meaning that we want to find a (d − 1)-dimensional system that encodes all topological information of the current system. We will follow the procedure in Ref. [70] to prove the desired result. Let us consider the d-dimensional Brillouin zone as a d-sphere parametrized by momentum-like spherical coordinates −π ≤ k 1 < π and −π/2 ≤ k 2,...,d ≤ π/2, i.e., ones that flip sign underk andc. Now, we want to remove the dimension along k d . Let us introduce θ ≡ k d to emphasize that this is the parameter to be reduced. The d-th homotopy class ofH is determined by two sectors: one is the (d − 1)th homotopy class of it at the θ = 0 boundary, and the other is the homotopy class of the Hamiltonian in the region 0 < |θ| < π/2 with θ = 0 identified to a point. Since we want to encode the full information of the d-dimensional topology in the (d − 1)-dimensional manifold, we remove the contribution from the second sector by minimizing the dispersion along θ. To do so, we introduce an artificial action
If we spectrally flattenH so thatH 2 = 1, the EulerLagrange equation becomes
and the solution is 
where H d−1 is a gapped Hermitian Hamiltonian in (d−1) dimensions, and I is the identity matrix. As H is in the class s − 2, H d−1 (k) is also in the class s − 2. The Hermitian part of H vanishes at θ = ±π/2, so, up to linear order in δθ,
Notice that δθH d−1 describes a gap-closing point at δθ = 0 whose winding number n is given by the (d−1)th homotopy class of H d−1 . When H d−1 is spectrally flattened, the gap-closing point becomes a n-fold Dirac point. As H d−1 is in the class s − 2, the Dirac Hamiltonian is in the class s as we have shown above. This shows that each of the two gap-closing points of the Hermitian part at θ = ±π/2 corresponds to the anomalous boundary states of a (d + 1)-dimensional topological insulator in the class s. Therefore, we can conclude that only the states with θ = θ 0 (θ = −θ 0 ) will survive because of the damping/gain given by the non-Hermitian term ±iI at long times.
Note that this does not mean that such an anomalous theory interpretation holds for any realizations of the model. Rather, as we saw in the intermediate step, the statement is that if the non-Hermitian topology is nontrivial, we can always adiabatically deform the corresponding system to realize anomalous dynamics at long times.
VI. PROOF PART III
In the main text, we have shown by explicit construction that a non-Hermitian system with nontrivial topology can exhibit emergent anomalous dynamics. Conversely, using the Brouwer's fixed-point theorem, one can prove that if a non-Hermitian system exhibits emergent anomalous dynamics, it necessarily implies a nontrivial non-Hermitian point-gap topology. 
